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RATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 
TECHNICAL NOTE NO, 993 

ANALYTICAL STUDY OF TRANSMISSION OF LOAD FROM SKIN 
TO STIFFENERS AND RINGS .OF PRESSURIZED CABIN STRUCTURE* 
By Theodore Hsueh-Huang Plan 

SUMMARY ■ •/ . 


The general problem of this paper is the deformation 
and the stress analysis of -a pressurized cabin. struotore, 
consisting of sheet metal skin, longitudinal stringers, and . • 
a finite number of rings which are equally spaced between 
two end bulkheads. The minimum potential energy method is 
used. The deformations are calculated by solving the simul- 
taneous difference equations, involving three deformation 
parameters - radial expansion of rings, quilting of st.ringers, 
and transverse elongation of skin. The tensile- stresses of 
the rings and the stringers, and the longitudinal and the 
circumferential stresses of the skin are determined from the, : 
deformations. A few special cases from the general problem - 
are also considered. , . - „ \ 

The results obtained during tests of pressurized cabin 
structures by both the Lockheed Aircraft Corporation, and the 
Consolidated-Yultee Aircraft Corporation yield reasonable . 
oheoks with the results frpm the theoretical analysis. 


INTRODUCTION 


The requirements of comfort during a high altitude 
bombing mission, and in the .commercial passenger airplane, 
call for a new design trend^ of airplane structure,, the pres- * 
surized cabin structure. . 


♦Thesis submitted in partial fulfillment of the require- 
ments for the degree of Master of Science from Massachusetts 
Institute of Technology, 1944, 
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A series of laboratory investigations (reference l) 
were carried out at Wright Pi eld during 1935 and 1936, on 
pressure cabins, the results of which formed the basis of 
the speci f icati one of the firat practical substratosphere 
airplane, the Air Corps Model (Lockheed) XC-35. The results * 

show also that the simplest and lightest type of structure 
is a round cylindrical ve,ss,e.I with hemispherical heads, and 
that the present standard design of semimonoc oque construe- * 

tion of fuselage' is- quite 1 suitable. The first passenger 
airplane with pressurized cabin, the Boeing 307-B "Strato- 
liner 11 (ref erenerd -2 ),{ Is -of. -ifch.e same .type of all-metal 
structure as the Lockheed, circular in section, with alumi- 
num-alloy rings, partition bulkheads, longitudinal stiff- 
eners, and smooth skin al'clad covering. Following the same 
design trend, Boeing B-29 “Superf ortress H also has a fuse- 
lage of circular section for holding pressure. 

• ' Tebt's"* 'of^ pressurised cabin' atru^tur^B. were., out 

d'ri’ thV^ufcfcis s -Wright Corporation, St.,- Louis. A i r p^a-n^e _D i'jir 1 - 
s ion-' "'Or f ereno'e 3), the Lockheed Airor.aft. Corporation. *(u,ef- 
..eren'be’s' 4' and 5)-, and' the Cons olidated-Vult ee Aircrajfjt^ Gj?r- 
.p'or'ati'on (reference 6). The effects • of: the internal’*’ puss - » 

sure on tlie' stresses and the strain of. the structure , 

;sp‘ecria r lly InSre'stiga'ted in the Lockheed and the .Consolida^ed- 
Vul tee ; 'AiVcraf t Corporations. The results of so^e par-ti.cu.lar / 

test' section's were represented by some plots. -Some, ampijj.i.. cal 
■■formulas ^Verd developed. However, there were no ana^y,t.iCoal 
"s'olut'i.ons’^'f or the general problem of the pressurized a^-bin 
structure. 

sFfce -'invest igatiorls in this paper were made to obtain 
more ge'riMf aflized mathematical analyse? . of, imonocoque struc- 
ture sUb^eot^d'.- to internal pressure* tA.It:;, is also assumed, 
that *the 'principle of superposition-. oar- .'be applied, so that 
the stress analysis of a structure with combined internal 
pressure and external load can be made without excessive 
complication. 

The author wishes to take this opportunity to express 
hie appreciation to Prof. J. S. Newell for his valuable sug- 
gestions and helpful encouragement during the preparation of 
this thesis, and also to express his gratitude to theitflpk- 
heed Aircraft Corporation and the Cons ol idat ed-Vulte^ ; Air- 
craft Corporation for their interest in this work, and their 
kind cooperation in supplying the test data. 

$ f\ :* ip k 
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NOTATIONS 


E modulus of elasticity 

, ' ■ * — T 

|A Poisson.^ ratio 

p cabin Internal pressure- ■ ~ "■». 

I longitudinal spacing, of- rings 

s number of stringers along circumference of- fuselage 

r radius of fuselage • : . 

A 1 cross~sectional area of ring 

I* section moment of inertia of ring 

A cross-sectional area of stiffener . _ 

I section moment of inertia of stiffener 

t thiokness of skin 

m total number of spaces "between two heavy rings 

cr x longitudinal stress 

o z circumferential stress of skin 

e x longitudinal strain 

e z circumferential strain of skin 

X, Y, Z rectangular coordinates, longitudinal, tangential 
end radial, respectively 

y radial displacement of either stiffeners or skin 

n an integer between?'©, and n 

u n radial displacement of the nth ring 

w n radial displacement of skin (or stiffeners) with 

respect to ring 

v n longitudinal displacement between the nth spacing 
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M ‘bending moment 

a nondi mensi onal parameter Cl/1 - M* 3 ) 

P nondi mensi onal parameter, ratio ‘between' ring and skin 
area (A’/tl) 

1 i 

P nondimenei onal parameter (t/l) 

0 nondimens ional parameter (r/l) 

<£ nondimens i onal parameter (4 ttsI/1) 

\J j nondimens i onal parameter, ratio "between stringer and skin 
area, (sA/2-rrrt) 

u nondimensional parameter (p/B) 

E operator for solving differential equation. ‘ 

X parameter in the solution of differential equation 
K parameter defined by equation (55) 


STATEMENT OF PROBLEM 


The simplest type of pressurized cabin structure is a 
cylindrical shell with hemispherical heads, as shown in fig- 
ure 1. This fuselage is divided longitudinally into many, 

similar sections, each one of which consists primarily of: 

. . » * - / * ■ • ■ 

1. Sheet-metal covering - the skin 
^2. Longitudinal .stiffening members - the stringers 

’ ► • ' * * ’i-' ’ f 1 * * ' “. ** , * F i . » / . . * . . * H 

1 ; - r • , • 

3. Transverse s t if feriihg ; -el emgnts - the lighter forming 
rings, and the heavy partition bulkheads 

The present problem is limited to the stress analysis 
of this kind of structure when subject ed t o . internal pres- 
sure only. The analysis involves the determination of the 
deformations and stresses of the skin, the stringer, and the 
rings. 


A 
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SIMPLE MElkoi)"- POP OALbui-A^I^ A^ERArf 'IS^fe'E'-SWS v -'; 

. ... r- . \ i :> :\jL'[;i r :a v? , ». , grfC 1 i n „ •? j i, cwj 

.1 r • '-DU2‘ T6 J *PiE^§tfal " /r “ :5 ~* ~ f ■>' "" ’ 

;r. . j;K j •■ : : -. . . )*..■:■// <- l > ^ ?J l ~ ?i< 

‘ro ss-vit a I et 1 j iis'i h': ‘i • :C t v . „ , ..< •* Y . t r; 4 . .•'ji&vii -j 

A .method culating ’th.© average " stf'i&^err frame jjj* * /f _ < 

and skin stres ses ‘was 'giy'en in reference 4.“*' 

In the case of a mo^ocoque fuselage the skin stresses 
are given "by the tw&'- eqtfcat ions ' >' ■ ‘ ■ ■ ■■'<*" 

•an = rp/2t '• 1 (l ) 

and 

a o - rp/t (2) 


where 


longitudinal stress, pounds per square .’inch ; . ... 

...» . 1 : 

a circumferential stress-, pounds, per square inch 

■u 

r radius of Ifus elage ,■ finches • ■ . 

:!«t y.‘ . -t r< ) ■ \ . .. .... - - ■ - r- . 

P , pressure difference between the inside and the outside 
of the fuselage, pounds per square inch 

£ L • 1 O’;': jl’i, *. ■ • i ^ . . _,r\ * 

t skin thickness, inches ■•: 0 x 1 ■? v -= % * - - - L 

It might be assumed tfc.^t ,.3jf -the. longitudinal stringers 
and the circumferential rings were added to the monocoaue 
shell they would t^ke as much s t^ess t as ^the si^in. This 
would mean that the ’ average °I’Chgi tudinal and ' circumferential 
stresses would be given by 


0 L ( av ) S A+ 2nrt * ’ 

and •’ • - c 

- J. ■■■.. * . 1 ' ^e(-.av) 'tl A'-'ifitt . • L 1 . v 

, *. *«»tf " S ? s ;■ 

where •• " • s "' 1 ■ T - ’ 1 ' •• *■ -■ ** 

. ' • 1 * «{.*.!■* t, •» .« I {> 1 J_x i ■ _ 

» .■ 1 » *5 .• • f y . • . * . » . v* a , . _ , ’ : — j \ * 

A i *c?f , d8S' s 6ect'icfn^’l ^eLreA°df ‘st rlngef ! T ' ; 

, h j’? Jt i % ft ? n . ;* . 7 -. . ;.t ; * , sse . rj 

s ^i’umb^jf '-of "st f IngeW :: ^duh‘d' the -cirdunif e’f-enee-''of "fiis ' J 

i op:/ 

l frame spacing 


A* frame area 



6 


N4QA No. 993 


By. considering. fiWn has- stresses in 

two directions, that is, by considering the effect of Poisson's 
ratio, there is actually : fodhd •ia'/difffcr ence between the stress 
of the stringer and the longitudinal stress of the skin, or 
between that of the frame and the circumferential stress of 
the skin. Two f ormulas-were suggested 45/i^he- article just 
mentioned (reference 4) for calculating the stresses of the 
stringer and of the frame. 

CT stringer * °L(av) 

c frame “ °c(ar) 

where 

H Poisson's ratio 

A series of tests on pressurized' cabin structure were 
run in Lockheed Aircraft Corporation. The results of the 
tests are represented as the plots in figures 2 and 3. The 
measured stringer stress is checked almost exactly by using 
equation (5), while the measured frame stress' is lower than 
the. calculated value by using equation (6). This shows that 
the skin deflects more circumferentially than does the frame. 

The skin stresses can be cal culated , from equilibrium 
conditions, that is, by the equations 


2ur t . cr x » sA 

a stringer “ nr . p 

• t t C 2 » : A; l • 

a frame “rip 

where 


o x longitudinal skin s^jress 

/ . - ;■ ,! ' 


cr s circumferential skin stress 

The discussion which“ fbli ows is based on the assumption 
that there is a certain amount of quilting between skin, 
stringer, and the frame. Some generalized formulas for cal-^ 
culating the deflections and stresses have been developed. 
These are all dependent o’fr*'a« •l'6.i‘ge' : numb’er of ' vatlabi'es ,' such 
as, skin thickness,^ stringer area, stringer stiffness, 
stringer sphcifcgV fVhmV*' h’re'a/i ■' frhto'6" « ph'Cing -r And' - d lame ter of 
fuselage . 


- “ =Mav) ’• <B > 

- t* °L(av) (6) 


*:*; ■ : • 
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MATHEMATICAL ANALYSIS OF PRESSURIZED CAB.IN STRUCTURE 

X Method -of Approach ■ ‘ . 


-•The" analysis' of the'- present - problem Is based on the 
etrain-efa'ergy i method , or in other words, the principle that 
the potential energy of a loaded elastic structure is mini- 
mum when equilibrium is reached^- In-' applying this principle 
the following procedure is followed. ■ : 

The first step is to make a deformation assumption, 
that " is ; .• to write a formula giving the deflection of each 
part of the structure as a function of certain variables 
which are often called the deformation parameters. 

The second step is to write the expression of the po- 
tential energy of the structure as a function of the defor- 
mat ion'.' paramet ere . ' •• .v' * -• .<<:«*. : . : 

" The third- step- - i s : to determine the change; in. potential 
energy dp.© iO_ ; a-« virtual displacement, that is, to differenr., 
tiate( the, expres^i on for potential energy of the structural;, 
with; r.esp„ec.t ■ to- each deformation parameter. */.i s \- u 

Ov n ; , ■ ■ ■ » -<= - TjU\- t‘. £ 

The .fourth step is to determine the work done- by. ; the.- .. 
external lpad i during each virtual displacement. • > 

*r hi.--: c •; •* 

The fifth step is to write the equations of virtual 
work by equating the internal and the external work detdr-' 

mined from the previous steps and to solve for the deforma- 

, , sin i- i u - . • 

t i on—par-aa e t e r s . . 

0**3 »f r > t.- v 

~z>si gjhts ,J last' step is to determine the stresses of each part 
of' : the Structure based on the deformation already assumed. 

The type and number of deformation parameters are flex- 
ible depending upon the choice of the analyst. The solution 
becomes more accurate as the number and suitability of the 
parameters increase. However, the amount of computation in- 
creases rapidly as more parameters are added, and therefore 
it is desirable to place reliance on suitability rather than 
number. Thus the method pays a premium for good Judgment. 


Assumptions 

• r *■ 

The 1 . present analysis applies to a monocoque structure 
having the following characteristics. 



8 


NACA TN No. 993 


1. Circular "cross section without taper 

2. Very thin skin taking no bending loads 

3. Uniformly distributed stringers spaced closely 

enough that the quilting of the . skin .^panels be- 
tween them is very small and can be neglected 

<. 1 1 : 

4. Equally spaced light rings between bulkheads, .the 

bulkheads being considered as rings of infinite 
rigidity r 

5. Radius of fuselage very large in comparison with the 

size of the ring . 

6. Same material for skin, stringers, and ringB 


Deformation Assumption - Three Deformation Parameters 


1. Expansion of ring .- Consider a certain section.- of a 
pressurized cabin structure between two main frames or bulk- 
heads. Between these two end rigid rings there are ( A^l ) 
equally spaced light rings, each of which is attached to the 
skin and is supposed to expand radially with the skin due to 
the air pressure. The radial expansion of the ring, £r, is 
considered to be the first deformation parameter, and is 
represented by u n . The subscript n indicates the order 

. - , g * i**> - ,J 

of ring from the end, ' ' „ 


2, Longitudinal expansion of stringers ^o^^sklh' between 
two rings .- The increase of the distance ,, t L between two 
rings due to pressure is considered to be. the- second deforma- 
tion parameter, and is represented by v n . The subscript n 


indicates the order ,of the span, the nth span being that be- 
tween the (n-l)th an.d- the nth ring, - : 

. 3, Quilting of stringer or skin between the rings *. J The 

simplest function for representing the deflection of the^ 
stringer is a trigonometric function, that is, the sine/ 
function, the cosine function, or a combination ofthese 
functions. In the practical construction, the stringers are 
usually continuous through several spans, and are fixed to 
the rings rigidly either hy riveting or welding. It is, 
thus, a proper assumption that the. rings remain .untwisted 
Whehthe pressure is.^pplied, and.that.the slope. of the 
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deflection curve of the stringer with respect to the;. refer- 
ence line is zero at the junotion point to the ring. 

The deflection curve of the stringer can be represented 
by the following trigonometric -.function, which satisfies the 
above-mentioned end conditions, as its first derivative be- 
comes zero at the endB of the span. 



Here w n is the third deformation parameter, indicat- 
ing the average quilting of the stringer between the rings. 


The definitions of the deformation parameter can be 
illustrated more clearly by figure 4, 


* 


* 


% 


Strain Energy of Bending of Stringers 

•» 'j 

The general expression for the strain energy of bending 
‘-is given by the equation (reference 7) 



where El is the flexural rigidity of the stringer. The 
second derivative of. y with respect- to x from equation 
<7) is V*'. 1 


d_7 

dx 3 


u n ~ u n-i rr 3 ttx . 4tt® 

— COS + w n cos 

3 l 2 l i a 


3ux 

l 


Substituting in equation (8) gives 


HI tt 4 / 1 / „ x 

T TV Z “- 15 

0 


S 2 7TX 

cos .rrr 


■ 'fit: S'; : . 

“ „■ ' -i i V/*p » ; ■ 

+ 2 W n (u n - U n _ x ) COS -p- C 08 + 16 Wj 


2 a 2 ttx . 

i C08 d — — - dx 

V 
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It can be shown that 

■ ■ •’ 1 • . d * j v 


t 

' -■ ■ ' “ ’ '"I ■■■ ■ • • p coi 8 ' £2 

■ ** l 'r - *. v f ■' ■■ J • ■ ■ l 


v. r : v* r. * 
c t 

fiHS. dx * 

2 


■: •; f 


■i / 


and 

i ■ ' ,• 


, 7 <7 ’ *>.'•» 

■( * *# .< f, I, 


.... .Cb 


nnx mTTX . 

cos cos dx 

l l 


Hence’,’ the' expression’ for strain energy becomes 


BI TT 4 fl , ■■ . o 

T F La (ll “ " + 8 w < 


or 


4tt 4 EI 


■ i a s 1 

■ L64 <1J » ' U ”- 1> * J 


( 9 ) 




This equation applies to only one stringer at a particular 
caption. The total energy of bending of stringers between 
'the two rigid rings i’s expressed as 


. V = 


4rr 4 a E I 
l 3 ' 


f 


m 


164 L-. 

o 


< u n - u n-i> 3 + Y, *** 




where 

g number 'of stringers around circumference 

. - ' - t *. # r. , 

m number of spans between two rigid rings 


( 10 ) 


Strain Energy, of Elongation of St ringers. _ ^ ■' 

* » « ' • 

The general expression for the strain energy of elonga- 
tion is given by the equation (reference 7) 


•y * 


I ' 3 CAE ? 0 *: C , 

• T = n s 


• > 


•: + 

(ll) 


i 
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I 


r 


where 


A cross-sectiojial area of the bar 

5 increase in length within a- certain section of length t 


The elongation of the stringer between two rings is 
equal to the difference between the length of the deflection 
curve and the original length of the chord multiplied by a 
factor representing the increase in distance between two 
rings. As shown in figure 4 the elongation' -is 

y ‘ 

l 



(13) 


The difference between the 'length of an element ds of 
the curve and the corresponding element dx of , the chord is 
equal to 


is - 4 * = J 1 + (S) - dx "I © 41 

' r - 

Substi tuting in "“equation (12) 'gives" 

1 l 



From equation (? ) 


and 


dy 

dx 


u n “ u n-i 



sin 


TTX 

l 

■ *1 




W n 2TT 

l 

•'A V 


sin 


2trx 







sin' 9 


/ttxV 4w n g Tt a 
VIZ l a 


sin* 




u n-i > 


w n - sin 


TTX 

1 


sin 


2ttx ,, . 
I 


4 
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It can "be shown that 

l 



By comparing the magttitu.de of the two terms of the preceding 

equation it is obvious' that ~~Y~ or ^3 .. ^5 7^ is of 

very small order of v n , and it is sufficiently accurate to 
assume ■ » 

8 = v n (13) 

Thus the expression for strain energy becomes 



(14) 



The total energy of elongation of stringers between the two > 

rigid rings is expressed as 
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m 



(15) 


Strain Energy of Expansion of Skin 

1 '• 

^ » , 

The general expression for the strain energy for a 
three-dimensional stress distribution is given by the equa- 
tion (reference 8) 


7 *.[[[ I Ca * £x * °y € y + CTz€z 


+ T xy^xy + T xz^xz + ^yz^yz^ dxdydz 


(16) 


where a, £, T, and 7 are the normal and shearing Stress' 
and normal and shearing strain, 

. . In .the present case, the problem of expansion of skin 
can be ' reduced to a two-dimensional one, by assuming’ that 
the x- and z-directions coincide, respectively, with the 
transverse and tangential directions along the skin, and 
that the thickness t of skin is so small that the varia- , 
tion of it can be neglected. Having the assumption that the 
skin is expanding uniformly &nd symmetrically along the cir- 
cumference, it can be concluded also that the membrane shear 
ing stresses T xz vanish. .She expression for the strain 
energy is thus reduced to the following simplified form 


V 



( CT x e x 


+ 


°Z € Z ) 


dxdz 


(17) 


where r is the radius of the fuselage. 

' In the case of plane stress distribution the relation 
between stress and strain is given by the equations (refer- 
ence 8)i 
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■ i <°x - * 0 *> 


* - I “ ’ll 


(18) 


where.,!*, l.s. Poisson’ s ratio. . Solving for o x and o z 
gives ,, 


CT z * 


+ M 


1 - H* 


z + : 


1 - 1 * 


B 


B 


(19) 


Substituting in equation (17) gives 

^ l STTr 


V = 


ta 


2 <1 - |* 3 ) '*-■ 


(e x 3 + 2 y, € x <r y + € z a ) dxdz (20) 


0 0 


The etrain e x . can be assumed* constant ' throughout the span 
through the same argument as in the previous section. Thus 


1 


( 21 ) 


The strain e 2 can he --expressed in terms of the other two 
deformation parameters. 


[ tt n-l + (l- »«> ~) + “n ,( X -; oos ] <22) 

Substituting equations (21) and (22) in (20), and integrating 
by noticing the fact that 
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.*t ■ - • * . t < 


\ ^ • r 

• - nrrx 


i 


riTtx amk'. - 

coa cos ax « 0 

l l 


s mrx ■ , 1 

cos 3 dz = — 


* [f T - S + 2 * v * w ») + 7 (I u “-> a + 4 Un - 1 


t£«+ 'i u* * 


§‘ w n* + u n + u n-i w n) r J. ; .. (23 > 


The total energy of expansion. of skin ‘between the two rigid 
rings is expressed as i . 


1 » •y > • > X •* . k * . / ; • \ ‘ '* 

+ r I (llV S - + i a "- 1 . Un 


3 3 *\ 

+ 3 u n s + g w n ® + u n w n + u n _v Wn) . 
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Strain Energy of Expansion of Hinge 

From the general expression for the strain energy of 
elongation (equation (ll)) it can he shown that for the ex- 
pansion of ring 


Ail 


(2rr (r + .u n ) - Srrr)' 


where A’ 


2 X 2Trr 

is the cross-sectional area of the ring or 


V.:« HAlI Un s 


(25) 


The total energy of expansion of rings 
rings is expressed as 


V 



between two rigid 


(26) 


Strain Energy of Bending of Hing 

The general expression for the strain en,e.rgy o^,. bending 
is' given in terms of the bending moment by the equation (ref- 
erence 7) 


i. 


7 = 




axes 


m , 

The bending moment for beams having circular central 
is expressed by the equation (reference 9) 


where 



r radius of curvature 


( 28 ) 


y radial expansion of ring 

<$>2 angle representing position of section 
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For a uniformlj^'SXpanded ring, the deflection. ~y • is constant 
all around the circumference; that is, its second derivative 
with respect : to‘ i! ^4>i 'Vanishes. Thus 

.. - - - 


. .■ / 


M * 



y 


< • ,i 


v 




(29) 


In practical cases, the depth of the ring is usually very 
small, while the radius r of the fuselage is very large. 

It can he shown in the actual example under the section 
Analytical Solutions Applied to Actual Test Sections that 

the value of is very small in comparison with the value 

' ■: ; r 3 

of A/r. It is thus allowable to neglect the strain energy 
of bending of ring in the present discussion. 


Expression for Total Strain Energy 

The total strain energy between the two rigid frames is 
expressed in terms of the deformation parameters as follows: 


V = 


4tt s B I 
l 3 


it E < tt *~**-» ) * + E w » s 

O 3. 


•sAE 

gl 


m 




«* c. 




m 

r X (f Vi^hn-i u n + | u n 3+ | w n 3 + u n w n + *n~i w n) ] 


ttA* E 


m 


7 Un ! 


(30) 
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Introduction of NondimenBi onal Parameters 

In order to simpli'fy the form of the general, .equati oiii, 
the following nondimens i onal parameters are' introduced; 


a 


1 . 

(31) 


1-n* 

0 

SB 

A_|_ 

(32) 


t l 


p 

3 

t_ 

(33) 



r 


9 

cs 

r 

• 1 

(34) 

4> 


4tt 3 sI 

(35) 



l 11 



'.1. 

s A 

(36) 


,2/nr.t 


Substituting in equation" (30) gives 



Change in Strain Energy Due to Small Deformation 
The effects of the small changes of the deformation on 
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the change in the strain energy are determined by differenti- 
ating equation (37) separately with respe-Gt to the deforma- 
tion parameters. Since the derivatives of (u n - u n-i^ 2 

with respect to u n vanish, it follows that 


57 

5u 


n 


du n =* 2TrrE pa jj- (v n + v n+1 ) + —■ ^n-i + | u n + “ u n+i) 


f 


II 

dv 3 


+ 89 (W ” + } + T U n] du n 

r r r /'u ,+u_ 

— dv n = 2TTrE p 6^v n + pa < 0v n + M- ( — + w t 

n *- L \ 2 


(38) 


dv n (39) 


-> n 


> - i V* 


dw n = 2trrE | w n + pa {^v n + i | * n )} J (40) 


Work Done by External Load 

The. work done due to tho internal pressure applie -1 to 
the end of the cylindrical structure, nay be expressed approx- 
imately by 

i „■ • 

, U = nr s p 


where p is the pressure difference between the inside and 
the outside of the cabin. 

■ i * t . * ■ - • , . 

The v ork dene due to the. internal pressure applied 
ally is expressed’ ias ' 


X Vn (4i) 


radi - 
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* 2Ttr p 


m- 1 



v-o + 
2 



(42) 


The work done "by the external load 
variation may be expressed similarly by 


during the additional 
dif f erentiati'oh. 


( Except 
caBe ) 


au . 

d u n = Zttt P 

du n 

l d u n 

(43) 

for u 0 and u m , which are 

taken to be 

zero in this 

au . 3 

d v^ ® TTr® p 

£>v n 

d v n 

(44) 

au 

d v n = 2Ttr p 

dw n 

l d w n 

(46) 


General Equati ons . f or Determining 
the Deformation Parameters 

Equating the change in strain energy to the work done 
by the external load during each additional variation re- 
sults in 
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dV 


an 


.0, . - 


a? 




* - . %n .' , •* V ' 

; ® _±y uj- d. ■y-ij'. ■ , 'S - ■*•. + —*• ' 

t cSv- -CC i> )’Q/ 

-i- jj 


n v- 




n &.v a 


pa 


fe W W + X (i ^ XI 


... f' 1*a+ 1 ) 


ra+i 

s - 


^ p? .1 

+ " 5 “ u n * P - 
E 




(46) 


f *n * pa > v„ * i. (2^^; | j“4 1 ^-t ’ “ • ' 

•*« •*/*. : s 

8 U ““ * (£* £) U * + t W* ^ < V *»♦»} t|.,(»n* v a+i >,JL£. (47) 

*.* ’ .; — •• pa 

^ ^ n n-i + u n ) + 20 (^k. + k') T + 5 Ur 

. ' j ;• \qp -;V Jt w n - — (48) 




1 Cu 

2 


.Us) 


rrc equations ( 48 ) and < 49 -)- \A , &ni 

terms of u-,, , aad -a tt " 

n**i ana. u n . Hence 


'n can tie aoXve^L in 
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v n = 


and 


w„ = 


+ §■ - Sp*') ^ U n .i + u n ) 

\p a 2 J pa ypa 2/ " “ 

■ [(■*!) (ft **)-•■] 

'[(“9'“] X* ["'-(**1) ] 

• [(>•*) £•»-»•] 


( 50) 


(51 ) 


Eor solving u n , the simultaneous difference equations are 
written in the following form (reference 10) 



Bn 

2 


(E+ E ) v n + 


E + E 


Wn = 


Ur 

pa 


M> (1 + E) u n + 2 9 f- + A E v n + 3 M v n = ~ 

\a J pa 

Hr 1 u « + 9 “ 5 T * + (£ + 1) J w » ' tk (53 > 

where E is an operator defined "by the relation 

E n f (x) = f (x + n) 

The solution of these equations is 

u n = Aj, + A 2 X a n + u (53) 

where Ai and A a are the arbitrary constants determined 
from the boundary conditions, and ^ a are roots of the 

equation 
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i + (l + £) v + I x a (X + 

8 \a 4 J 8 • • > 2 - . 2 

H (1 + X) 29 + 2 nX 

i-±-A ' ' e^x • . \(±. + iV 

2 \pa V 


X ■ 2[i.X 


(54) 


0jx\ • 


and u is the particular solution of the difference equa- 
tion determined "by substituting ¥ » 1 in the preceding 
simultaneous equation (equation (52)). 

Equation (54) can "be reduced to the following simpli- 
■ £ied form . ; . B 

" /-t - \ 

% . +' E X + 1 '« 0. '->A / V '(55 

where 

'•f ' s - k MiMi *■• ' ft-® " 

* £|- “■]- i“- 

t ‘I r £ - J 

In general K, the coefficient of the X-term, is positive 
and usually lies between 20 and 50. The solution of"this' 
quadratic equation will be approximately 
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The particular solution of u n i s . d4t $rmlned ^by soIt- 
ing the following simultaneous equations 


hence 


u 


_ vr 

U + OJAV+W* 

pa 


(» + 0 U 

2 p. u + 2 0 + 1^ v 

M-ff+e * V + (jz * §) » = 


+ 3l*w = VS- 
pa 


..( 88 ) 




- 3ii 

pa-f^.i dr' ^ a 1 'y i ■ 
J: ;* f ,.'t -i f '» {, r ' 

■ :■ .• v:, • -or. ' j>,. 1 . 


s*r fi .+ £) -iJ ffc + ^i,v 

pa |_ y ay 2 J {_2 pa 




( i - Ml + $ K 1 * 5 0 * S - •*■] - ( x * f) 


(59) 


The boundary conditions in the present case are that 
fOJ^i. juj.= 0. and ^ = m. The radial deflections' of the ring 
are.- zero. ' Thus^ f roin. equation (53) for u 0 = 0, 


or 


k£- ++ A s + u * 0 


A-. + A a a — U 


Ji 


(a ) 


: j > o „t ; ...... 

for- • : u. h * 5 »- 0 l;t , . .. 


, 


or 


A^ + A 3 Ag 10 + U a 0 

4 ♦* 

a - a “ u (b ) 

Solving for *- A-j; 'and* ' A s • from equations (a) and (b) gives 


■^■1^2 111 + A s Xj m 


■*•1 



A s 

1 +^s Q 

-U , ;;; 

i + v*. ; 
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Substituting in equation (53),. gives 


V » 


. A n u 
s 


"* = - 1777 ■ 1777 + u 

Rearranging and substituting A a by Ag"* 1 gives 


u n * * 



A m ~ n + A 11 
2 2 

1* 


) 


(60) 


The other two deformation parameters v n and w n can 
be determined in turn by substituting the values of u n and 
u n -i in- equations (50) and (5l) 


> Stresses and Moments in. the- Structure " 7 '"" „ 

The stresses of the rings, the stringers, and the skin 
can all be determined by /Jcnnwjing J&he -def ormat ions , or in 
other words, the strains of : the structure. Eor example, the 
stress in the ring can be written as 


or 


frame 


frame * 


E e 


frame. 


u 


n 

r 


(61) 


Similarly:, the stress of. the stringer is equal to 


O — TB c 

:• r7‘S tjrd njg.ers, " . - ; ■ s t r i ng e r 

i.h. . -L- 


( 62 ) 


The longitudinal . sttf-esfs of -j£he skin may be written as 
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°x = 


g X + t* € 
1 - |A® 


v n . y 
~r— + U — 

— - — __ — g 

1 - *i 3 

where y is determined from equation (? ) 
tial stress of the skin may he written as 


(63) 


The circumferen- 


Er. + |i, € x 

a „ -i 51—2-. e 

a 1 - M* 


7 v n 

— + Hk -r 
r l_ 

1 — |-t 3 


(64) 


The bending moment of a beam can be written in terms of 
the deflection. The differential equation of the deflection 
curve is 


M a - E I 


(66) 


The second derivative of y with respect to x is 


. u n “ u n-i " 


_ 00B + Wn _ e08 — 


Substituting in equation (65) gives 


M a - B 


I /^ u n “ u n-a rr 

\ 3 T 


I coa w n *nl cos 

s i n ja r 


( 66 ) 


It can be seen that the bending moment is maximum at the end 
of the stringer where the ring Joins. At the end of the 
rigid ring, 

u n- i = u o = 0 


u ” ■ Ui = * 0 * "i ; ) 
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[ s ( 

' xlN 

+ 3 -■•‘j 

ur 

pa 

+‘ 

[> - 

0> 

- ) 
a / J -. 

n 

. 4 >- 

CD 

« 

+ i 

V 

•JL*. 

f) - 

H 3 ] 

• 

L \ 

a 

A 


3/ 

J 

( ' “ 

- M « - E I | 


rr® 

■ + Wi 

4ir 3 - 

r 

I •' ■ : : 



< 2 

l® 

* 

I s ; j 


. f l - 

■ 7 

! 

2l S 

r W 

+ 8 w a 

) 



Particular Problems 

X. Pressurized Cahin with Infinitely Many. Equal Spans. 

( d'i • • - - "■ ■“ 

It i^y otyl ous ' that, the -def ormat ions of 4 each panel of 
the pr es sur'ilzdd c^hi'n structure with infinitely many equal 
spans are ' identical * In the general equations, 


i i 



V iZ£ ■* 



• . v;-i 

/ 

v n “ 

v n +i 

V f: b 

w n + 1 


a W 


Cf l> a ■? 

■ » J- n 




$ j lxl'1 


and 


equations (3?0 : i' x ( 38 4 v 0 and (39) heoomei.. 

t . . .-i *■ • tii *** «■• « L- . s : 

“ ./p ■ .Aci • ; k - ..■* 





2 M- Vt"+ 2 6 (% +,. l\ v. +7 aV.'v » ~ (68) 

*: '* *v» / . ~ pa 

u + 6 J4, V + - + ^)w = ~ 

"J - v NP.a * _2/ N -pa. 

These are the same equations as the simultaneous equations 
for solving the particular solution in the previous section ^ 
(equation (48)). The solutions are 
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u 


v 


[ ( l * S " H [f + £] 


V = 


- 0 * ( 

1* .*)[(>• 


' ( 1+ a) 

£{(!♦ 

3 ft (■ • 

■ S - •*] + * ( i 

•9-1} 


+ S[( i+ 

9(**9--] 

-(>•}) 


Hi £ A 

♦ 4-1 u) 



pa a \ 

a 2 / 

f : ■ « i . 

“ a C 1 ■ 0 * 1 

(1* 3 [ (■ 

+ !) ( 1+ a) ' •£ 

!K’*9 


( 69 ) 


(70) 


(71) 


It can be seen that actuations (50) ancU.(51) reduce to equa- 
tions (70) and (?l), respectively, by substituting u n-1 


II. Single Span Pressurized Cylinder with End Frames of 
Infinite Higidity. 


This hind of structure will have only traijsyertje and 
radial expansion of skin, but no deformation of the rings. 
Tor this case the deformation parameter u in equation (58) 
is zero, and hence the first equation in (58) vanishes. The 
problem is thus reduced to the solution of the following 
equation 



The s'o'lut ions are 


( 72 ) 



29 


;NABA a ,TN No... '9;9S 



'(73) 


(74) 


.. . lr >. . *Si^glf.e Sparc- 'PreB.aairi zed: Cylinder with Pixed End 

Support®, +/'& ■*., - • • ' : . 


This kind of. structure will have only radial expansion 
of. jskdn.. "between the-, end ■ supports . In this' case only the de- 
formation parameter*. w appears. The solution of this prob- 
lem is thus hap e^’bn^ ,Vh^ ■ 

- - - 

v ,(75) 



1 ( s ‘ 


Vt 


*■ » 1 


and is 

... ; « *■! v 2 lTI o +-i ia 1 ■ 


pa 




, "’is v. 


: r- ; * •> : •- n *. t a ft 


; lL; ’, r:- : 'r f - -J-3 - 

■ * . ( . . , • *’ f t ] - 'I ' • «* ‘ » * tV . * '■J •' 

- t L- . i ‘ A ■ -T W run > . -■>*■*• - 1 ■ - • • - ■ . . “• ■ i 

■ * • v “ _ '-.?■* i .1 vv - : : : j ‘ , • " 

.... .] t , . .TEST^^F PRESSURISED. iOABIN- STRUCTURE as 

••••■-: ?i:'p r-.i’Jf. ; • “ . ; .. /• . 

■ o • L Q Q E3|E E# , ; AI B GRAFT n 0 QRPORaT 1 ON •• . ; 

/>•: 1 - ::t »•' • .*;■* ^v* *'- 1 - 

v . i' 1 i " l*. - n ' V> “7f- '< VC ’ 

. : .Lockheed J^lvor^f^' QorpjQrrst'i-Qn’hnade 'a 'complete Investi- 
gation. of a pre^nn?! te.di.'td’s-t .-s'ectitdn of -th^ Model 49 firse- 
la efii*. The £ 03 , 1 . owing pr^phiams: iwera'tstudie’d >i'h thi* te ■ fc i 

uzo.l: ' : ,-U "<» *«*• *■> ,-•*>- • 

c-wT , ' !•'’ --.v‘ 5-: «■•>•■ 'i’« *■ 

rft ' e; t ; ;*• M« :'C O " * v ’> ’ - ^ 4 ' * * ^ 

a .'j *. .* vj! (V ■ 1 .» s' r. . c* ~ V° • < ^ f : ■ t 
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1. Leakage rate 

2. Deflection due to internal pressure 

3. Stresses due to internal pressure 

4. Bending test 

5. Torsion test 

6. Floor-support test 

7. General instability 

8. Frame test 

Since, in the present problem, only the effects of pres- 
sure are of interest, a summary of the test of the primary 
structure is given. 

Description of test setup .- The general arrangement as 
well as the dimensions of the test apparatus are shown in 
figures 5a and 5b. The essential elements of this equipment 
consist of the following: 

1. A full-scale section of the fuselage 

2. A large reinforced concrete block which serves as a 

fixed end to support the test section 

3. A rigid steel framework or loading head which was 

attached to the free end of the test section 

The test section was circular in cross section and was 
tapered with a ratio of approximately 1:10 in the longitudi- 
nal direction. The primary structure was composed of a 
24S-T alclad framework of channel-section rings and bent-up, 
J-section stringers to whioh a skin of 24S-T alolad sheet was 
attaohed. The stringers were uniformly spaced at 6° inter- 
vals around the periphery of the cylinder, except at the 
bottom, in which case 2.5° spacing was employed. The 
stringers were of five different sections, only one of which, 
the LS-160, made of 0.032-inch 24S-T alclad sheet, was used 
mostly. This section is given in detail in figure 5b. The 
rings were spaced at an interval of 18.4 inches, A typical 
section of the ring is also shown in the same figure. Two 
thicknesses of skin were used, 0, 032-inoh sheet on the top 
and the bottom, and 0.040-lneh sheet on the two sides. 



ira.GA.-Mr Xo m r.3QZ 


51 


: I *9?±i-e pr'essurls-a-fl ohf -of .the* t:e*8 t" s«fe>t k i On. wa<s: Accomplished 
■,'w*i.th ? th.e ‘compares* ed air; -which was. tied' iiit o the cylinder*. :' J 
through. safety ■'■valv.eZ located :- withi-xt; the" coxrc-rietbl support- 
. ingc structhrej .**. The . air. was supplied, constantly.' f or:, balhnc- 
ing the leakage of air through the skin. 


* i t: 


' j.*o, r 


‘ ■ s ; i The Raldwin-Southwark-'type felecirical > s .train gages? were 
used for-. measuring, the stresses-* •- They w£re > mounted, upon' the 
. surfaces: of the; member s , in - which . the .sttefe.ses we're'tb be-.; 
ma-aaur.ed, by ce men ting: -them te^ .these, surf aces . . j =- ii 
- • ' - '• ' ■■ * . •• ft . - - . / ~J s . . ' 

P ressure deflections .- The, -s-kirt’ deflections- were.- cbm*-- 
posed of two parts, first, the deflection of the center of 
< the , '> phnel- relative -tb ' the** stringers , * aiid secondly, the**, d'-e- 
fl.fec.tiohr Q;f* th.e,> stringer . r el abAye .tp.th’e ‘ These, .de-. 

flections were*T all;, measured by the. dial', gage jb as; shpwn. in , * 
the- diagrammatic sketches: in figures. 6. and* 7 . • : Thet .etr^ngg;*... 
and unexpected result'. .la these figures „ is that skin betypen-. 
the st ringey s- had- an inward deflection. An- exp 1 ana ti on. for; 
this may be„ that . these, panels -had- a- slight curvature, in the 
longitudinal- dir eet.iou,- The- deflection of, the stringer be- 
tween., the frame is outward* and is practicably directly , 
pr opart i onal ■ t o the internal pressure*. ,<,{■ 

Pressure stresses .-" The results of the pressure stress” 
measurement -'have b'een discuss ed* previously* and are repre- 
sented, in the plots, in. figures; 2 .and. 5. ’ 


.J u 

t rt 

«■*• •' 5 ? 


. Oons 
of tests 
the struc 
t ion 11 of 
pressure*, 
“floored 
flooring 
which was 
control i 
trol spec 
to the st 


'& ,Y*: ifi - k . T * I’l il * 

,, 5 T3ST.p, : p|' ?jl$&§JJRlZBJ^ CABlft ?TRT?bg?U^E. AT ... ; » . . 


» A - C 


rd ON SOI IDAT ,ED^Vlf-Ii TEE AIR OR APT- OORPC^ATLON I 9 . . , 


. -1 it~ : 


V» 0 . * 2 


■- - o,i - . ■ aoii a-**.. 

olidated-Vultee Aircraft Corporation. made a.*««? , i? f' 4 - 
to measure the stresses., in and £h® .def b ®.ct ions,; of.; ^ 
ture members of a one-liaif scale “nose-wheel see- 
the XB-32 fuselage under maximum operating air 
The .tests; covered. ;tyro, hinds; ipf 1 jap,so:im;e»® ! the 
specimen,” which was a cylindrical structure with 
and floor bracing inside, and the “control specimen, 
"■.9r£I> t?f ®9tibX -symmetrical .cylinder to. be -used .as 
n preliminary testing. Only the. tests of the coa- 
lmen are described here, as this specimen is similar 
rupture which i$,-di spxjssed. in -this ;P§]?§r*» - 


Test setup .- As shown in figure 8, the test section was 
made with 0.0l6-inch skin riveted to 0.020-inoh angle 
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s triggers" with: 0. 032*lnuh^ channel 1>»lt frame?;. - The stringer* , 
52 in ■ number;; were- d.-ist-ributod uniformly a round th-e periphery 
of ‘ the i cy 1 i ndfcr . v* - Tha 4 belt ■ framed,-- 5.: in number** • including * • 

the -2. end. bulkheads were spaced at ani interval** of-' 1.0-. inches . 

; ' ’• -.* '.- ’ ■ •>*, . -fr r ' •• l * ' 

The test specimen was mounted in a boxlike structure 
steel’ Jig- with‘f the -canter line- of- the specimen .in a vertical 
position. The top" bulkhead of - the • h-peoimeat- was. held, dn a^.? 
fixed -lateral position by; means of’ ball-bearing- guide, roller s . 
The effect was. that ; as the' specimen expanded under pre-ssurdfts 
the top bulkhead could breathe vertically but it was re- 
strained from- lateral*- motion. . >\r - -. * 

■ - - *’ ' - r; 

*• -St r e s e ea The stresses of- the control specimen at 6.55 

psi measured by -the w Cels train M ■ gage equipment are shown. in- 
figure 9, 'The average Values of i-ndi-oated - stresses in- the. - 
memberV at 6.55 psi compared • With the stresses ' obtained’- by.. ” 
simple ca-lculati ons *( equations (3), (4),‘(S), and ( 6.) )* follow i 
In the Stringer - 1300 psi- versus 1356 calculated; in- the 
belt frame* - ’4400 psi versus 6660 calculated; longitudinal 
skin 47 7'0 ' psi : Irer sus : 5230 'calculated-,* and Circumf V/*’en-fc‘ial- 
skin str’ess’ - ll^2'00 pel ■ versus'' 8560 calculated. Tr*e‘ ex- 
perimental value of circumf erential stress was a maximum' - *• ■ 
value instead of an average value. 

- - 2) e-f 1 e p-t.l one . - iStarre-tt deflection gages reading ip 
1/1000 inch were used* -to : measure' 1 the 7 deflection of the. mem- 
bers of the specimens under pressure. The belt frames did 
not deflect evenly along the periphery, but the average de- 
flection of the ’ cen'te'r belt frame' ’of -the control- specimen 
was 0, 018 inch at 6,55 pel. The_ radial deflections of skin 
and stringers "with respect to end bulkheada - at 6.55 psi were 
shown in figure 10. The quilting of the skin and stringers 
was from 0,006 to 0.020 inch greater than the belt-frame de- 
flection. Th-' no ba's'fe’^was a f lAttbuing*' bf the" skin between^ 
stringer s ; 'noticed "in this ar e^, 7 '* ' * * ■ ' ;c ' T 

~* '■ - ‘ - -'--i. --.-rr;-. - - •*-.- ■ - ’ * ■'’iti 

*■• •.... ■ • -•;■ ' - ;• ..... : -* .. .. * ■ u i ♦ 

ANALfTIOAL SOLUTIONS’ APPLT/Etf TO ACTUAL TEST -SECTION'S' : ** 4 

■ . • ■ ft . r , >1 


' I . ' Tes t s of ' Pres sur’i «ed 'Cabin Structu're" At Lockheed' ■ * 
Aircraft Corporation.’ ' - * - l " " c,c 

*■' - ' *- r * ■ . , f “ 

For s implicit#- In Analysis', the fallowing as sumptions 0 
are made: 
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1. Same type of stringers ( LS-160-0. 032) 

3. Same type of rings 

3. Same skin thickness (0.032 in.) around periphery 

4. Same stringer spacing (5°) 

5. Uniform fuselage cross section 

The pressure difference is assumed to he 6 psi throughout 
the entire . computati ons . The important dimensions and fig- 
ures are shown in the following list: 

p * 5 psi 

E = 10,300,000 psi 

14. * 0.3 

l = 18.4 in. 

t = 0.032 in. . _ 

r =65 in. 
s = 72 
m =10 

A = 0.0617 sq. in. 

I = 0.0096 in. 4 
A 1 = 0,238 sq in, 

I* = 0.317 in. 4 

The following nondimensi onal parameters are derived: 

V = p/E = 5/10,300,000 = 0.485 x 1 0“ 6 
$ = 4tt 3 sl/l 4 = 4tt 3 x 72 X ( 0.. 0096 ) / (18 . 4) 4 
= 0.748 X 10" 3 

p = t/r = 0.032/65 = 0.493 x 10“ 3 
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3 ■ A‘/U - 0. 2'08/'<O. 032) (18.4) = 0.405. 

0 » r fl a 65/18.4 = 3.53 

a « “ 1/0.91 * 1.1 

\|/ a sA/2TTrt a (72) (0.0617)/2 tt(65) (0.03j3).. - 0.34 

For further computation the following values are also 
caloul ated J 

f v • 

<$>/pa :■ a 0.748',-X l0~ 3 /0.493 x 10 -3 x 1. 1, a. 1.38 
<pfpa + 3/2 a 2.88 
<)>/?« - 1/2 = 0.88 

4>/pct + 1/2 « 1 .88 ' ' 7 

\J//a a 0.34/1.1 a 0.309 ‘ '* 

1 + Va =* 1.309 1 ‘ ‘ ~ 1 

3/a a 0.405/1.1 = 0.368 “ * ‘ * 

3/a + 3/4 » 1,118 ' 

3/a - 1/4 * 0.118 

1 - 3/a » 0. 632 
3/a + 1 a 1.368 
H 3 a (0.3) 3 a 0.09 

- ’ 

— = (0.485 X 10“'®) ( 65 ) / ( 0. 493 X 10“ 3 ) (l.l) * 0.0581 
pa . i . 

The value of K in equation (55) 'is 

(3.88) [(2) (1.309) (1.118) - 0. 09] ~ 1.3 09 - (2) (0.09) (0.118) 
1 (0.5) (0.88)* [(0.5) (1.309) - 0.09] - (0.25) (0;09) : ' 


30.4 
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The value of X 3 : in'' equation ■ ,( BO .) ..is .&ppr,oximat ely 
equal to -l/E or 

= - 1/30.4 = - 0. 0329 * u ■' 

It can be seen from equation (60) that the expansions of the 
frames are nearly identical'-; • and 1 - that this -problem can be 
reduced to that of presstirized cabin witft infinitely many 
spans. By using equations (69), (7.0), and (71), it is found 

that ■“ ■ ■ '■ 

(0.0581) (1,309 - 0.15) (l,88> 

( 0, 09 ) (0, 632) + ( 2, 88 ) [ ( 1 . 368 ) C‘l , 309 ) - 0 , 09’3 - 1.309 

0.1265 ’ ’ • ’ 

3.648 ’ ’ 

= 0.0347 in.’ . - - 

(0.0581) £(2.88) ^Lt.|§§. - 0.3^ + (3) (0.632) - 0.5 

V s* - ■ ■ - ^ 

(3.53) (3.648) 


= 0.00361 in. 


(0.0581) (0.368) (1.309 - 0.15) 

v = — ■■■ - — 

(3. 648) 


= 0. 00683 in. 


A comparison between the strain energy of expansion and 
of bending of ring is shown. 

; 0 Energy of t expans lap’ (equation' ,.(35 ) ) 

„ rrA ! B 2 
v = u 


tt * (0. 238) E 


65 

— 1.38 X 10 


(0. 0347 ) 


-5 


1 
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Energy of "bending (.equation (29)) 
ttB 1 1 


TT X 2 X. ;Q. 317 


•6 8 


B 3 


x (0.0347) 


• » 1.26 X 10“ 7 a 


It is obvious that the energy, of bending of ring can be neg- 
lected. ■ « . > ' 

The strains and stresses of the structure are derived 
from the values of deformation parameter. , 

Longitudinal Strain of Skin (Strain of Stringer) . 

€ x * v/1 «= 0.00361 / 18.4 • 0.000196 

Circumferential Strain of Skin (Av. ) 

u + w 0.0415 


e v * 


Strain of Frame 


65 


S 0. 000639 


e. » E = SLJPMZ = o'. 000534 
frame r b 5 


Longitudinal Stress of Skin 

€ x + 


a x * 


a 

l - n 3 

0.000196 + (0.3) (0.000639) 


.» ♦ * 


X 10,300,000 


s* 439 0 psi‘ 


0. 91 
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Circumferential Stress of Sfcirt 

- — — — ■■ ■ , i T ' u i 'V 


■■■• * 


Orr = 


+ ** €; 

1 - M. 3 


» /: :» 1?: ■' 


- '• ^ •* : 


•« °Msm ± c°-sy ^ts s ^ gsii^y.sop.ooo 

0.91 ■' 

* 7900 psl ; ; „ . ■ 


Stringer Stress ' ' 

a stringer = € x E 

* 0.000196 x 1 0, 300, 000 
» 2020 psi 

« J . " 1 - 7 

Frame Stress 

, * ;/ * 

ff frame = e frama ■* 

s 0.000634 X 10,300,000 
= 5500 pel 

The following is the comparison between the experimental 
results and the calculated' values. 


Experimental Results 


* . , v 


q f rame . * ~' Q ^ 1 ' fi 

o. fi 560b’ * n.; - 


stringer 


1400' 




‘i 3750-- 


= 0.374 


Calculated Results 


•j. r h\ 




' frame 


5500 


* -—-,= .,0.697 

• #9 00 w i \ c j - 


^tr igger r L -gggg- c = ‘0/4^ 1 ; 


4390 
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These results are within a reasonable check. 

XI. Tests of Oontrol Specimen at Consolldated-Vultee 
Aircraft Corporation. 

A list of the important dimensions and figures for the 
control specimen ■ at Conaolidated-Vultee Aircraft Corporation 
is given. 

p « 6.55 psi 
3 a 10,300, 000 psi 
^ * 0.3 

I = 10 in; " 

t a 0. 01 6 in. 
r » 28.5 in. 

s a 53 

m a 4 

A = 0.025 sq in. (see appendix) 

I a 0. 00102 in. 4 
A* a 0.0744 sq in. 

I ' a 0. 0176 in. 4 

The following nondimensi onal parameters are derived: 

V « p/3 a 6.55/10.3 x 10 s * 0.635 X 10" 6 
<t> a 4 tt 3 s I / l 4 a 4rr 3 52 (0.00 l02)/l0 4 

*-0; 659 x 10“ 3 • 

p = t/r a 0.016/28.5 = 0.562 X 10~ 3 
£ a A */tl a 0.0744/0.016 X 10 » 0.465 
6 « r /l a 28.5/10 » 2..85 

a = l/l-|i,a » 1/0,91 a 1,1 
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0 = sA/2Trrt '= (52> ( 0. 025 ) / 2tt ( 28 . 5 ) (0.016) 

= 0.536 

For further 'computation the following values are also 
calculated. 

0/pa * 0.659 X l0“ S /(0.562 X 10" 3 ) (l.l) 

= 1.07 

0/pa + 3/2.' = >^,57 . 

' i . * 

0/ pa - 1/2 '* 0.57 ' 

0/pa + 1/2 = 1.57 
0/a = 0.536/1.1 = 0.488 

1 + 0/a = 1.488 

P/a = 0.465/1.1 = 0.423 
P/a + 3/4 = 1,173 
P/a - 1/4 = 0.173 
1 - P/a = 0.577 

£ • 

p/a + 1 = 1.423 

i 

|J. S = ( 0, 3 ) a = 0.09 

VJL = 0. 635 X 10“® X 28.5/0.562 x 10“ 5 X 1.1 
pa > . 

= 0.0293 

■ '..The v&lue of K in ecfuatl 6h7-(55 ) is 

K * (2.57)[(aHa:4S8.) (1.173) - Oj 09 ] - 1.488 - (3 ) ( 0. 09 ) ( 0. 173 ) 
(0.5)(0.57) [(0.5) (1,488) - 0.09] (0.25) (0.09) 

= 44 , _ . r- . 

• * ■ - -* 4 ■ « t .VI • • 

The value of Jsa <\in /equation- (60) is approximately 
equal to -1 ft. or 

X s = - 1/44 * -0.0227 
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u 


The value of XT is from equation (59) 

(0.0393) (1,488 - 0.15) (l,57) 

(0. 09) (0.577) + (3.57) [ ( 1 . 423 ) ( 1 . 48 8 ) - 0.09] - 1.488 

t ■ M 

e 0.0163 in. 

The expansion of the center "belt frame is 


*3 


- A hL±££\ 

' u \ 1 + >-3 4 ) . 


^ N / V2 ) (-0. 0227 ) ^\ 

= (0,0163) (1 - — ) 

V w 1 + (0. 0227) / 


* 0.0163 in. 


.1 ■ 


The expansion of its adjacent frame is 

'SI . 1 

- /, A S 3 + . 

111 - u C 1 - r7Tf") 

v i ’ 

= (0.0163) (1 + 0,0227) 

i ' • 

a 0.0167 in. 

» ■ * 

The parameters of longitudinal expansion an,d radial 
quilting of t&$:.slcin betVdeh ' these two rings are determined 
by substituting the values of Uj and u 2 in equations (60) 
and (51) . ’■ 


▼e 


(2.57 - 0. 6 ) ( 0. 0293 ) - ( 0. 3 ) ' (l . 57 ) ( o] 0167 ' + v 0.’ 01 63 ) 

; L . (2) (2.85i):'X (i.48.8) (2j 57) - * 0.' Q&] ■ • " ' ‘ ' s . 

® • ©vdoi 99 • id. » - •' ;i “ ' * :f * • ■ ; • v ' ? ’ ■ c • ' 

[(2) (1.488)'- 0.3] (0,0393) + (0.09- 1 . 488 ) ( 0. 01 67 + 0.0163) 
- 1 '* • * s -(2)' L ( 1 . 48 8 ) - ' (*2 i 5 7 ) - 0.69]., 


0.00435 in. 
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A comparison between the strain energy o.f. expansion and 
of bending of ring is shown. 

Energy of expansion (equation C<J5):). 

_ ttA* E e 
7 « — — u n 2 

tt.X 0,0744 X - E X ( 0 . 0163 ) 3 
28.5 

= 2,17 X 10” 6 33 


Energy of' ’'■b-endi-ng (equation (-295) 


„ TT E I* 

V = u 


n 


tt x E X 0, 017 6 
(28. 5) 3 


(0.0163) 


'=3.9 X 10“ 8 33 


It is obvious that the energy of bending of ring can be neg- 
lected here in the discussion. . . 


The strains and stresses are derived from the 
tion parameters. 



def orma- 


e x = v 3 / l = 0.00199/10 = 0. 0Q0.1.99, 


Circumferential Strain of Skin 


. Average - 



. w„ . (0.0167) + (0.0163) , 

(uj, + u a ) /2 + w s - — ■ + 0.00435 


- ' 2 


e 2 = 


28.5 


0. 000734 
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Maximum Value 


€ z (max) s 


(uj. + u 3 )/2 + 2 w 3 


+ (2) (0.00435) 
2_ 

38.5 

= 0.000954 


Strain of Frame 


£ frame = u 2 /r « 0.0163/28.5 » 0.000573 


Longitudinal Stress of Skin 


a - -^LjLJLJLt 

x 1 - na 


0.000199 + (0.3) (0,000734) 
0.91 : 


X 10,300.000 


= 4750 psi 

Circumferential Stresses of Skin 


Average 


x - 0.000734 + (0.3) (0.000199) x lQ 30Q , 000 
"*■ “ 0.91 . . • '*- * * 

» 9000 psi "• : '■ ■' 


Maximum 


^ °- 000964 + o° 9 f ; <Q -° C0199? - x ! 0 , 300, coo 

is 10,800 pai , y ; 
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Stringer Stress '/ 

°.t ringer = 0.000199.-.* 10,300,000 

« 2050 psi 

\ 

Prams Stress ‘ ' 

a £r.ame. ~ °* 000572 * 10,300, 000 

= 54 9 0 p s i T J 

A comparison "between the .results determined, ft o’m 'experi- 
ment , from empirical’ ’formulae (equations (’3),' 04)', (5), and 

(6) and from the mathemati cal analysis is shown in the fol- 
•1 owing table. ' ‘ " " : - 7 - - - -.'**&*&*. .£ 


3ar . ‘tfABLE I ■■*•'-** J : * “ '■ 

. -:*> :• • ;• -/ • . *i v v- 4.. -J ‘ ; ‘ 

comparison op Stresses in pres3ur'iz ; ed'’’c^i'n sTRirCTtfRE - ^ ' 

* 1 - * f' 1 - •.*- * *- !•$» . : :*i, *: . i>0 t\ J 0 


rf i » «.• 
rx ‘ ; 


Longitudinal "ski""!;. ’ ", 
stress. ’’ . - -r ’ 

Circumferential skin 
stress (av. ) 

Circumferential skin 
stress (max. ) 

Stringer stress 

Frame stress 


Prom.. i 
exper imejat. 

(psi ) 

— 1 11 i 1 .. 7 a „■ 

Prom.i ; o • 
.empiri-carl' 

• formula. . 
(psi..),i 

"i-.tc. ">w ■■■?!’; 
* r -Prom , v ?r: 
-mathem-at i.c ad 
analysis-. » 

. * (psi). . 

• Tm r : . ‘ 1 

"A/l . r t* 

* * ■ » 

H • • Z * r v » 

’ r >. W ** - 

f ■ .4* 7 M* 
.1. ? ■ 

5,230 

'4, ; 75'0";f 
. * ; J r# •* I I - 

. ; ' 4 1 J t* A 


8,560 

9‘, OOO 1 / ’ |i 

. .i 

■ * • • i S 

riy o I ” o ;i • 

. ;'ii r 2 oo 

* H » t 


1,300 

, (} L- , 355" 


4,400 

*.;:£*{ : . •*• . 

6,660 

5V49 0 


■,? *; «* 



The., exp.ans.1 on,, .of thp ’center’ bait frame, is, calculated to 
he 0.0163 inch as J^bmparjedT with the.'exper imental valuje 0, 018 

mot (av.j. >:'~i .V. ; ; 
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DISCUSSION OF RESULTS AND SUGGESTIONS , 

■ . FOR. FURTHER' DEVELOPMENT 
» ' • v 

From the comparisons "between the experimental results 
and the mathematical solutions, the following facts can he 
noticed: 

1. The calculated values of skin stresses fend frame 

stress all give a satisfactory check. 

2. The calculated values of stringer stresses always 

exoeed .the experimental values. 

3. The calculated frame deflection checks very well * 

with the values determined from experiment. 

One of the reasons for the deviations of the mathemat- 
ical solutions from the experimental values is, of course, 
due to the approximation of the assumption in the energy 
method. In the assumed funetion of the deflection ourve, 
onljr the first term -of the Fourier series has been used. 
However, by noticing that in the result, only the solution 
of the stringer stress has large deviation from the experi- 
mental value, it seems that there may be something wrong in 
the; assumption. The assumption, that the skin expands uni- 
formly along the periphery, does not agree with either of 
the two tests described here. In the test at Lockheed Air- 
craft Corporation . the skin between . stringers had an inward 
deflection. In th& test at Cons olidated- Vult ee Corporation 
the skin between the stringers deflects more as shown in 
figure, 10, ■ * 1 ‘ 

* i .... 

In calculating the energy of bending of stringers only 
the moment of inertia of the stringer 1 was considered, How- 
ever,' for a' structure Qf circular shell with longitudinal 
stif feners ,- there is a redistribution of stresses between 
skin and stiffeners'. A better 1 result might be expected", if 
an affective flexural rigidity (El) were introduced, 

1 \ ‘ • j 

.One. m.9?„e .reason, for the deviations between the calcu- 
lated and tested results lies on ’the devi ati on' "Of te'st speci- 
men fr,om t .the. ideal structure. The nonuniform stress or de- 
flection distribution Clearly' -shows the unsyrametry in con- 
struction.' ‘ The' fixity between skin and f rentes; depends very 
much on the workmanship during the assembly of* 'the test 
specimen. 
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, It might've. sugge'sJbjBd-: that furth er ? .experimental Investi- 
gations be made to verify the deformation of the structure 
and to develop an empirical formula for’ the effective HI 
of, the skin and stiffener combination, . 

Purther developments dealing with** the pressurized cabin 
structure would be the analysis of the following types of 
structures : 

1., Fuselage with nonuni-form cross section - either 
tapered or curved' 

t \ i * - > 

3. ' Spherical ' or ellipsoidal heads of the pressure ves- 


3# The connection between the end and the main struc- 
tures 


Massachusetts Institute of Technology, 

Cambridge* Mass;, October 15, 1944, 


APPENDIX 

Computation of Section Properties of Test Specimens 


* I, Test Specimens at Lockheed Aircraft Corporation (Pigs 
5a and. 5b 1 ) ■; ■ i,s -r.z* 

(1) Area of ring = £(0.512 + 2.648 + 0.586 + 0.199) 

_ + 3x|x^ 0,125 + x O.C 


061 


(3.945 + 0.707) 0.051 
4. 652 X O* 051 

*• 4 ' 

0.238 in.® 




(2) Moment of ineptia of ring. ; : The moment of inertia 
is computed approximately by assuming straight bends at the 
corners. The position of the neutral axis from the top chord 
is equal to 
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3 X 0,937§c,x* 3 + §>*275>.x*8'd 13* 8.37 „ 

1- — : — . . . , - ? — r“~“ = liP/S.in. 

•■■■•• '3 + 0.9375 + O’. 375 + 2.'8lS + 'G. : 6$*!>£> 7 ' 6 ' / 

;• =' ; ■■■• ..' v:-.': i'-i-tr ;.?& *- * ; 

.. v ; .• .=. t j ■ ■„ w j;.: -.-i .. *■ '■ 

The moment of inertia is" computed through the following 
, tabular ..arrangement ,^ } fJi# .. . - . , ... . „ ! 


Part 

■ : • • l r *. = . ' 

Length (l) 

* „ . I 

d a 

Id 3 " 

Top ohor'd* • 

••0; 6875 

' . • *T *\ m - 

1 :'S26 3 . ' 

t* r * •• * " .. 

1.82 

Web 

■ . j ;; i "? t- ’• ^ 

o 

•r 

to^ 

.L76 3 

■v* ' 

.09 

1 ' ■ i 

Lower chord 

.9375 

1. 30 3 ' ' 

1.58 

Lower leg 

i 3? 5 '' 

i'. r 13.8 s . . 

.48’ 



S ld S a 

3.97 

i 

• '' '• i 

' ,v i 0 Ofet)'/V 

= ; 3 3 /12 « 

2.25 


Moment of Inertia =« 6.22 x 0.051 


* 0.317 in. 4 


(3) Section properties of stringer. 

; ■*. ) , Srh.e-.follow.ing- table- presents the coinput : atlon of^the area 

the moments of length taken at the base of the o-ros s^S^cti on , 


and the distance from the base 
Part. Length 

to the 

neutral axis. 
Arm 

Length 

moment 

' Top arc 

X 6. ,2035 * 

0. 64 

X 0.9257 = 

0.593 

Web - 

. ‘ • • 

6555 

X .4688 

.308 

Lower corner 

x‘ 0; 14l ir * 

2 

" V 0705 

•x .0514 

. 004 

Lower leg 

*'• • 4 

t'5 625 

X a 


Total Length • * ■ 

s H , .... 

-I'. 9285' 

Total Mom exit * 

0.9046 

, i. A i ■ - *• >' 

c v v ” v 

> ; : r ■ ; ■ ■„ X 

032- 

•* , 

. > •» * 


Total Area = 

0. 0617 

. a 
in. 

■ 

Distance from 

the base to the 

neutral 

, 0.9046 

axis = — '=* 

1.9285 

0,490 in 
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t 1 ^ r - > - . • • - - . _ 

The following table presehts the ‘ c omput ati on of the mo- 
ment of inertia of the stringer. 


Part' 


Length (l) 


Top arc \ * . 

‘ 0.64 1- i " (0.4357 )* 

0.122 

Web 


;• 6555 s ' 4.0212)® 

. 003 

Lower 

corner 

.ores 1 ■•'•^■'■(«.‘439)3 

. 014 

Lower 

leg 

.5625 ' 1 (‘.■''49') i *‘ 

.135 

* * * c: 

- - 

j \ » • , ■ .* a 

Z Id® = 

0. 274 

? — . " 

'■ — ; (W*eb) 

t 

, (-a. 6555) 3 - 

32 ■ S 

12 

. 034 


-^-2. (Arc) 
, t 


. 002 

» 

' 

- ’ -.:v • i = 

0.300 


t 


The moment of inertia * 0.300 x 0,032 = 0.0096 in. 4 

A summary of the section properties of the specimens at 
Lockheed Aircraft Corporation, .is 'giSreh. in-, the following table. 


Stringer area 


A 

0.238 

in , a 

Stringer moment 

of inertia 

I 

,317 

. 4 

in. 

Frame area 


A« 

. 0617 

in. 3 

Frame moment of 

inertia 

I 1 

. 0096 

in. 4 


II, Test Specimen at Cons olidated— Vul tee Aircraft 
Corporation (Fig. 8) 

(l ) Ring 

Area (A’) = (1.20 + 2 X 0.5625) X 0.032 
= 2.325 x 0.032 
■ 0.0744 in.® 
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Moment o£' 'fnfertia' (I* j , 

- j^l^|£ 3 +;:3 X 0,5^25 *"CC)76) S J X 0.032 

, . » /> 

' S* 0.033 (0.144 + 0.405) 

' 0.032 X 0.549 

' ■ -• 0. 0176 in.* 

(2) Stringer 

Area (A) * 2 x S. x 0.020 a 0.025 in.s 

8 f r , 

Neutral’ axis position — 5/32 from top leg 
Moment of Inert.! a (I) . «• 


U x .r 

LB 


r^Y x 2 + ~' 3 


(£) 3 x i] 

Vs / 1 2 _ 


AS 2 / 

,,.= •(0. 0305 + 0.. 0203) * -6.-020 

* ‘ ■ * * 

* 0. 05 oq a -. 0.020 ■ 

= 0. 00102 in. 4 


X 0.020 


' U.J - 


’i <. 




,i . ■_ 
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Fig* . 8,3 


Sf 

£3000 

U) 


toted overage stress 


Measured stiffener stress 


Pressure, pst 

rimire 8.- Longitudinal stresses du* to pressure, Lockheed Model <9 test section. 

^ Ratio of skin area/stiffsnsr area * 8,08; skin thickness “ .032 and .040; 

radius of curvature - 66 in. 

6ooo, — — — — — — — — i — i m | | | 

stress- -y/ fcaicufated average stress 

7 / 

I Sr 1' oo average 

5000 


■Measured frame stress 


m 


Pressure, psf 

rieuxe 3.- Circumferential stresses due to pressure, Lockheed Model 49 test section. 
6 Ratio of skin area/frame area » 2.36. 
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rigs. 6,7 


m 


,-Diai gauge 


-Stringer 


Deflection measured of center of panel 


Negative deflection: m 


-Thickness of skin - .040 r? 


Thickness of skin ■ .032 m 


Pressure, psi 

Figure 6.* Skin deflection relative to stiffener against pressure, Lookheed Model 49 

test section. Stiffener spaoing - 6 in.; frame spacing * 18.4 in.; radius of 
curvature m 66 in. 


/-■{■Thickness of skin - .032 #?. 


measured at center of stiffener 


Positive deflection: out 


Thickness of skin • .040 in. 


Pressure, psi 

Figure 7.- Stiffener defleotlon relative to frame against pressure, Lockheed Model 49 
test section. Stiffener spaoing <= 6 in.; frame spaoing * 18.4 in.; stiffener 
,00984 in.*; radius of ourvature across panel « 66 in.; radius of curvature along panel 
» 4600 in. 
















figure 10.- Radial deflections with respeet to end bulkheads at 6. 65 psi. 1/8 scale test 
section; Consolidated XB-32 airplane. 




